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Newton’s Discovery of Gravity

How did he come to develop the concept that marked the beginning

of modern science? In essence he did so by repetitively comparing

the real world with a simplified mathematical representation of it

he high point of the Scientific

Revolution was Isaac Newton’s

discovery of the law of universal
gravitation: All objects attract each oth-
er with a force directly proportional to
the product of their masses and inverse-
ly proportional to the square of their
separation. By subsuming under a single
mathematical law the chief physical
phenomena of the observable universe
Newton demonstrated that terrestrial
physics and celestial physics are one and
the same. In one stroke the concept of
universal gravitation revealed the phys-
ical significance of Johannes Kepler’s
three laws of planetary motion, solved
the thorny problem of the origin of the
tides and accounted for Galileo Galilei’s
curious and unexplained observation
that the descent of a free-falling object is
independent of its weight. Newton had
achieved Kepler’s goal of developing a
physics based on causes.

The momentous discovery of univer-
sal gravitation, which became the para-
digm of successful science, was not the
result of an isolated flash of genius; it
was the culmination of a series of exer-
cises in problem solving. It was a prod-
uct not of induction but of logical de-
ductions and transformations of exist-
ing ideas. The discovery of universal
gravity brings out what I believe is a
fundamental characteristic of all great
breakthroughs in science from the sim-
plest innovations to the most dramatic
revolutions: the creation of something
new by the transformation of existing
notions.

Newton developed the concept of uni-
versal gravity in the first few months of
1685, when he was 42. Physicists have
usually made their greatest contribu-
tions at a much earlier age, but Newton
was still in what he called “the prime
years of my life for invention.” The doc-
uments that have enabled me to date
the discovery also make it possible to
reconstruct the process that led to it.

A decisive step on the path to univer-
sal gravity came in late 1679 and early
1680, when Robert Hooke introduced
Newton to a new way of analyzing mo-
tion along a curved trajectory. Hooke

by I. Bernard Cohen

had cleverly seen that the motion of an
orbiting body has two components, an
inertial component and a centripetal, or
center-seeking, one. The inertial com-
ponent tends to propel the body in a
straight line tangent to the curved path,
whereas the centripetal component con-
tinuously draws the body away from the
inertial straight-line trajectory. In a sta-
ble orbit such as that of the moon the
two components are matched, so that
the moon neither veers away on a tan-
gential path nor spirals toward the earth.

The concept of a centripetal force re-
placed the older and misleading notion
of a centrifugal, or center-fleeing, force.
René Descartes and Christiaan Huygens
had analyzed curved motion in terms of
such a centrifugal force. Descartes, for
example, had investigated the move-
ment of a ball on the inner surface of a
hollow cylinder and the movement of
water in a bucket swung in a circle. The
ball and the water seemed to flee the
center of the system, and so Descartes
attributed their motion to the influence
of a centrifugal force. It is now clear
there is no such force; a center-flecing
force cannot be traced to the interaction
of physical objects. The illusion of a
centrifugal force comes about when a

moving object is viewed from a rotating’

frame of reference.

ith the change in outlook from
centrifugal to centripetal force
came an appreciation of the fundamen-
tal role of the central body. The centrif-
ugal analysis had focused on the revolv-
ing object, whose “endeavor to recede”
from the center seems to be independent
of the properties of the central body.
The concept of a centripetal force, in
contrast, depends fundamentally on the
central body, toward which the revolv-
ing object is impelled or attracted. The
interaction of the central, attracting
body with the revolving, attracted ob-
ject can obviously be expected to have a
part in any theory of gravitation.
Hooke’s analysis of curved motion
may seem to be such an obvious and
immediate consequence of the Carte-
sian principle of inertia that Newton

would not have needed Hooke to in-
struct him on the subject as late as 1679.
Newton had more or less accepted the
inertial principle some 20 years earli-
er. Nevertheless, Newton, like Descartes
and Huygens, was so mired in the con-
cept of centrifugal endeavor that the full
implications of inertial physics were far

from obvious to him.

On November 24, 1679, Hooke wrote
to Newton suggesting that they engage
in a private “philosophical” correspon-
dence on scientific topics of mutual in-
terest. Six years earlier they had clashed
publicly over Newton’s experiments and
theories on the prismatic dispersion of
light and on the nature of color. Hooke
was only one of several investigators
who had rejected Newton’s optical theo-
ries. Newton was so vexed at having to
defend his work that he vowed to aban-
don “philosophy” (physical science) be-
cause she was “so litigious a lady” that
a man who had anything to do with her
would have to spend the rest of his life
defending his opinions.

Hooke had since become secretary of
the Royal Society of London. In spite of
the earlier controversy his letter to New-
ton was friendly and gracious. The letter
invited Newton to comment on any of
Hooke’s hypotheses or opinions, partic-
ularly on the notion of “compounding
the celestiall motions of the planetts
[out] of a direct motion by the tangent &
an attractive motion towards the central
body.” This sentence was apparently
Newton’s introduction to the idea of de-
composing curved motion into an iner-
tial component and a centripetal one.
There is no evidence that he had yet
reached Hooke’s level of understanding
of circular motion. Indeed, Newton still
often spoke of orbital motion in terms of
centrifugal force.

In his letter Hooke ventured the sug-
gestion that the centripetal force draw-
ing a planet toward the sun varies in-
versely as the square of the separation.
At this point Hooke was stuck. He could
not see the dynamical consequences of
his own deep insight and therefore could
not make the leap from intuitive hunch
and guesswork to exact science. He
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could go no further because he lacked
both the mathematical genius of New-
ton and an appreciation of Kepler’s law
of areas, which figured prominently in
Newton’s subsequent approach to celes-
tial dynamics. The law of areas states
that the radius vector from the sun to a
planet sweeps out equal areas in equal
times.

On November 28 Newton wrote to
Hooke that before reading Hooke’s let-
ter of the 24th he did not “so much as
heare (that I remember) of your Hy-
potheses of compounding the celestial
motions of the Planets of a direct mo-
tion by the tangent to the curve” and
an “attractive” motion toward the sun.
Having admitted that Hooke’s analysis
was new to him, Newton immediately
changed the subject to a fancy of his
own: the effect of the earth’s rotation on
a free-falling object. If a dropped object
could pass through the rotating earth,
what path would the object take? New-
ton had incorrectly concluded that it
would follow a spiral trajectory.

In Hooke’s next letter, dated Decem-
ber 9, he caught Newton’s error and
pointed out that the path “would resem-
ble an Elleipse.” Hooke was eager fo get
Newton going on the problem of plane-
tary motion, and so he suggested that the
correct description of an object falling
through the earth and his own analysis
of planetary motion were both cases
of “Circular motions compounded by a
Direct motion and an attractive one to
a center.”

On December 13, 1679, Newton re-
sponded guardedly to Hooke’s cor-
rection but did not comment on his
proposed analysis of circular motion.
Hooke did not give up. In a letter written
on January 6, 1680, he returned to his
thesis about curved motion and repeat-
ed the quantitative supposition that the
centripetal attraction is inversely pro-
portional to the square of the distance.
From this supposition Hooke concluded
that the velocity of the revolving body
is inversely proportional to the distance
from the center. He then pointed out
that his analysis “doth very Intelligibly
and truly make out all the Appearances
of the Heavens.” Newton did not reply.

On January 17 Hooke sent a short
supplementary letter in which he wrote:
*“It now remaines to know the proprietys
of a curve Line (not circular nor concen-
tricall) made by a centrall attractive

power which makes the velocitys of De-
scent from the tangent Line or equall
straight motion at all Distances in a Du-
plicate proportion reciprocally taken.”
In modern terminology Hooke’s prob-
lem can be paraphrased as follows: If a
central attractive force causes an object
to fall away from its inertial path and
move in a curve, what kind of curve re-
sults if the attractive force varies in-
versely as the square of the distance? He
concluded: “I doubt not but that by your
excellent method you will easily find out
what that Curve must be, and its propri-
etys, and suggest a physicall Reason of
this proportion.”

Newton evidently did do almost that.
He proved that an ellipse would satisfy
the conditions outlined by Hooke. Nev-
ertheless, he did not communicate the
result of this proof to Hooke or to any-
one else until August, 1684, when he
was visited by Edmund Halley, the as-
tronomer and mathematician. Halley
came to see Newton in order to ask
*what he thought the Curve would be
that would be described by the Plan-
ets, supposing the force of attraction
towards the Sun to be reciprocal to the
square of their distance from it.” The
problem had been much discussed by
the Royal Society. Halley and Christo-
pher Wren were unable to solve it, and
Hooke never produced a solution, al-
though he maintained he had found one.

When Newton heard the question, he
responded immediately: an ellipse. Hal-
ley asked him how he knew and Newton
replied: “I have calculated it.” Newton
apparently could not find the calcula-
tions, but at Halley’s urging he wrote
them up for the Royal Society in the
small tract De Motu (Concerning Motion).
In De Mot Newton described his work
on terrestrial and celestial dynamics, in-
cluding his ideas on motion in free space
and in a resistive medium. Newton must
have finished De Moru by December 10,
1684, because Halley told the Royal
Society then that Newton had recently
shown him the curious treatise.

The exact progression of Newton's
ideas in the time between his corre-
spondence with Hooke and his comple-
tion of the first draft of De Motu is not
documented. Nevertheless, I am certain
it was Hooke’s method of analyzing
curved motion that set Newton on the
right track. Although not all historians
would agree with me, I believe the ap-
proach Newton takes to terrestrial and

NEWTONIAN SYSTEM OF THE WORLD was diagrammed by William Whiston, who suc-
ceeded Newton as Lucasian Professor at the University of Cambridge. The diagram is from
Whiston’s broadside “Scheme of the Solar System Epitomis’d,” published in 1724. The planets
and the satellites of Jupiter and Saturn are shown orbiting the sun under the action of universal
gravity. Remarkably, Whiston also included the orbits of comets. Newton had shown that or-
bits of comets are ellipses or parabolas in which a vector from the sun to the comet sweeps out
equal areas in equal times. Below the diagram is Whiston’s translation of part of the final
General Scholium of the Principia (which is from the second edition, published in 1713). There
Newton wrote that “This most Elegant System of the Planets and Comets could not be pro-
duced but by and under the Contrivance and Dominion of an Intelligent and Powerful Being.”

celestial dynamics in De Motu, which he
further developed the following spring
in the first book of the Philosophiae Nat-
uralis Principia Mathematica, represents
his thinking on planetary dynamics
inspired by his correspondence with
Hooke. In a few autobiographical man-
uscripts Newton said the correspon-
dence either preceded or coincided with
his demonstration published first in De
Mortu and then in the Principia that an
object that has an inertial motion and is
subject to an inverse-square centripetal
force moves in an elliptical orbit.

t was this demonstration that brought

out the physical significance of Kep-
ler’s law of elliptical orbits (the law stat-
ing that each planet moves in an ellipti-
cal path with the sun at one focus of the
ellipse). The modern reader may be sur-
prised that it was not Kepler but Newton
who revealed the fundamental nature
of Kepler’s laws of planetary motion.
Before the publication of the Principia,
however, these laws (which were even
called hypotheses) were not as highly
respected as they came to be afterward.

Kepler’s law of areas in particular
had a diminished status in the 17th cen-
tury. Most astronomical works did not
even mention it. For example, Thom-
as Streete’s Astronomia Carolina, from
which Newton copied Kepler’s third law
(The cube of the average distance of a
planet from the sun is proportional to
the square of the orbital period), never
discusses the law of areas or hints at its
existence. Most 17th-century astrono-
mers calculated planetary positions not
by the law of areas but by a construc-
tion based on a uniformly rotating vec-
tor emanating from the empty focus of
the planet’s elliptical orbit [see top illus-
tration on page 174)]. Since astronomers
rarely employed the law of areas, it
required extraordinary perception for
Newton to see its significance. Newton
was the one who elevated Kepler’s law
of areas to the status it enjoys today.

The very first proposition of the Prin-
cipia (and the discussion at the begin-
ning of De Moru) develops the dynami-
cal significance of the law of areas by
proving that the curved motion de-
scribed by the law is a consequence of
centripetal force. The proof, which has
three parts, shows how well Newton had
learned Hooke’s technique of decom-
posing curved motion into an inertial
component and a centripetal one.

In the first part of the proof New-
ton considers a body moving along a
straight line with a constant velocity.
The line is divided into equal intervals to
indicate that the body moves equal dis-
tances in equal times. A point P is cho-
sen at a distance # above the line of mo-
tion. The triangles formed by connect-
ing P to any of the equal intervals all
have the same area because they have
equal bases and the same altitude 4. By
this simple analysis Newton revealed
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an unexpected relation between inertial
motion and the law of areas.

In the second part of the proof the
body moves as before initially, but at the
end of the second interval it receives
an impulsive force—a blow—toward P.
Therefore in the third interval the body
no longer moves along the original
straight line but rather along another
straight line closer to P. Newton again
showed by geometry that the triangle
formed by connecting P to the ends of
the trajectory traced in the second inter-
val has the same area as the triangle

formed by connecting P to the ends of
the trajectory traced in the third interval.

In the third part the body is given a
blow toward P at the end of each inter-
val. As a result the body moves in a
polygonal path around P. Again the
area relation holds. In the limiting case
where the interval between blows ap-
proaches zero the body is subject to a
continuous force directed toward P and
the polygonal path becomes a smooth
curve or orbit. In this way Newton
proved that a centripetal force generates
a curve according to the law of areas.
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LETTER TO NEWTON from Robert Hooke includes Hooke’s views on the analysis of mo-
tion along a curved trajectory. (The letter is dated January 6, 1679, according to a version of
the Julian calendrical system in which the year started in March; the modern calendrical sys-
tem puts the date at January 6, 1680.) In the second sentence Hooke proposes that “the Attrac-
tion is always in a duplicate proportion to the Distance from the Center Reciprocall” (that is,
the attraction is inversely proportional to the distance squared). As a result “the Velocity will be
in a subduplicate proportion to the Attraction and consequently as Kepler supposes Recipro-
call to the Distance.” Hooke states that this analysis explains “all the Appearances of the Heav-
ens.” He stresses the importance of “finding out the proprietys” of curves because longitudes,
which are “of great Concerne to Mankind,” can be derived from the moon’s curved motion.
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The second proposition of the Principia
proves the converse: Motion in a curve
described by the law of areas implies a
centripetal force. With these two propo-
sitions Newton demonstrated that the
law of areas is a necessary and sufficient
condition for inertial motion in a cen-
tral-force field.

The two propositions are part of a se-
quence of demonstrations that begins
with the law of areas and ends with a
proof that an elliptical orbit requires an
inverse-square centripetal force. This
sequence of demonstrations, presented
both in the Principia and in De Motu,
marks a profound discontinuity in the
history of the exact sciences. The dem-
onstrations introduced a radically new
celestial dynamics based on new con-
cepts of force, momentum, mass and in-
ertia and a wholly novel quantitative
measure of dynamical force. The subti-
tle of Kepler’s Astronomia Nova set the
goal of creating a “celestial physics
based on causes.” Newton achieved this
goal, of which Kepler had had only a
visionary glimpse. Neither Galileo nor
Descartes had conceived of such a celes-
tial dynamics. And the Newtonian for-
mulation left even the great physicist
Huygens far behind.

From the early draft of De Moru that
Newton probably wrote in Novem-
ber, 1684, it is clear he had not yet de-
veloped the concept of universal grav-
itation. The draft discusses centripetal
force directed toward the focus of an
ellipse and concludes with the scholium,
“Therefore the major planets revolve in
ellipses having a focus in the center of
the sun, and radii drawn [from the plan-
ets] to the sun describe areas proportion-
al to the times, entirely as Kepler sup-
posed....”

Newton neither proved this scholium
nor continued to believe it for long, and
strictly speaking it is false. As he soon
realized, the planets do not move ac-
cording to the law of areas in simple
Keplerian elliptical orbits with the sun
at a focus. Instead the focus lies in the
common center of mass because not
only does the sun attract each planet but
also each planet attracts the sun (and the
planets attract one another). If Newton
had already formulated his principle of
universal gravitation, he would not have
proposed the erroneous scholium.

Newton quickly realized he had not
proved that the planets move precisely
according to the law of elliptical orbits
and the law of areas. He had only found
that the laws hold for a one-body sys-
tem: a single point mass moving with an
initial component of inertial motion in a
central-force field. He recognized that
the one-body system corresponds not to
the real world but to an artificial situa-
tion that is easier to investigate mathe-
matically. The one-body system reduc-
es the earth to a point mass and the sun
to an immobile center of force.
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CENTRIFUGAL FORCE is a fictitious force. The illusion of a centrifugal, or center-fleeing,
force can arise when a moving object is viewed from a rotating frame of reference (left), as
when a ball is swung at the end of a string by an observer who rotates with the same angular
speed as the ball. Two known forces act on the ball: the tension of the string and the force of
gravity. The ball is not accelerating in the vertical direction, and so all vertical forces acting on
it must be in balance; in particular the vertical component of the tension cancels the force of
gravity. Since the observer and the ball are rotating together, the ball appears to be at rest and it
seems that the horizontal forces should also be in balance. As a result the observer postulates a
centrifugal force that cancels the horizontal component of the tension. No such force, however,
can be traced to the interaction of physical objects. A different analysis of forces results (right)
when the ball is rotating in the same way but the observer is at rest. In this stationary frame of
reference the observer sees the same vertical forces on the ball as he saw in the rotating frame.
In the horizontal direction, however, the ball is not at rest with respect to the observer but is
moving in a circle. In other words, the ball accelerates continuously toward the center, so that
the horizontal forces should not be expected to balance. The ball is subject to a centripetal, or
center-seeking, force which is the horizontal component of the tension of the string. The cen-
tripetal force can be traced to the interaction of two physical objects: the string and the ball.
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What enabled Newton to transcend
the one-body system was his apprecia-
tion of the consequences of his third law
of motion: the law of action and reac-
tion. This law is perhaps the most origi-
nal of his three laws of motion (the other
two are the law of inertia and the force
law). One testimonial to its novelty is
that even today it is often employed in-
correctly by those who relate it not to an
impact situation or to the interaction of
bodies but to a supposed condition of
equilibrium.

The development of Newton’s think-
ing on action and reaction after he com-
pleted the first draft of De Mot is set out
in the opening sections of the first book
of the Principia. In the introduction to
the 11th section Newton explains that he
has confined himself so far to a situation
that “hardly exists in the real world,”
namely the “motions of bodies attract-
ed toward an unmoving center.” The sit-
uation is artificial because “attractions
customarily are directed toward bodies
and—by the third law of motion—the ac-
tions of attracting and attracted bodies
are always mutual and equal.” As a re-
sult, “if there are two bodies, neither the
attracting nor the attracted body can be
at rest.” Rather, “both bodies (by the
fourth corollary of the laws) revolve
about a common center, as if by a mu-
tual attraction.”

Newton had seen that if the sun pulls
on the earth, the earth must also pull on
the sun with a force of equal magnitude.
In this two-body system the earth does
not move in a simple orbit around the
sun. Instead the sun and the earth each
move about their mutual center of grav-
ity. A further consequence of the third
law of motion is that each planet is a
center of attractive force as well as an
attracted body; it follows that a planet
not only attracts and is attracted by the
sun but also attracts and is attracted by
each of the other planets. Here Newton
has taken the momentous step from an
interactive two-body system to an inter-
active many-body system.

In December, 1684, Newton complet-
ed a revised draft of De Moru that de-
scribes planetary motion in the con-
text of an interactive many-body sys-
tem. Unlike the earlier draft the revised
one concludes that “the planets nei-
ther move exactly in ellipses nor revolve
twice in the same orbit.” This conclu-
sion led Newton to the following result:
“There are as many orbits to a planet as
it has revolutions, as in the motion of the
Moon, and the orbit of any one planet
depends on the combined motion of all
the planets, not to mention the actions of
all these on each other.” He then wrote:
“To consider simultaneously all these
causes of motion and to define these mo-
tions by exact laws allowing of conve-
nient calculation exceeds, unless I am
mistaken, the force of the entire human
intellect.”

There are no documents that indicate
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PLANETARY POSITIONS were often found in the 17th century not by Kepler’s law of areas
but by a construction based on a uniformly rotating radius vector that emanates from the empty
focus of a planet’s elliptical orbit. The position of a planet (P, Py, P3, Py, Ps) at successive
moments is the intersection of the ellipse and the vector, Kepler’s law of areas states that the ra-
dius vector from the sun to a planet sweeps out equal areas in equal times. As a result the plan-
¢t moves slower at aphelion than at perihelion. The diagrammed construction gives the same
result, Correction factors were added to make the construction fit the data more accurately.

how, in the month or so between writing
the first draft of De Moru and revising it,
Newton came to perceive that the plan-
ets act gravitationally on one another.
Nevertheless, the passage cited above
expresses this perception in unambigu-
ous language: “eorum omnium actiones in
se invicem ” (“the actions of all these on
each other”). A consequence of this mu-
tual gravitational attraction is that all
three of Kepler’s laws are not strictly
true in the world of physics but are true
only for a mathematical construct in
which point masses that do not interact
with one another orbit either a mathe-
matical center of force or a stationary

attracting body. The distinction Newton
draws between the realm of mathemat-
ics, in which Kepler’s laws are truly
laws, and the realm of physics, in which
they are only “hypotheses,” or approxi-
mations, is one of the revolutionary fea-
tures of Newtonian celestial dynamics.

have assumed that the third law of

motion was the key factor in the rea-
soning that led Newton to suggest mutu-
al gravitational perturbations of plane-
tary orbits. There is no direct evidence
for my assumption because no docu-
ments exist in which there is an anteced-
ent version of his statement “the actions

IMPULSIVE
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of all these on each other.” Neverthe-
less, there is strong indirect evidence. In
the spring of 1685, a few months after
revising De Motu, Newton was well on
his way to finishing the first draft of the
Principia. In the initial version of what
was to become a second book, “The Sys-
tem of the World,” he spelled out the
steps that led him to the concept of plan-
etary gravitational interactions. In these
steps the third law of motion has the
chief role, and I see no reason to believe
they are not the same steps that led him
to the same concept a few months earli-
er when he revised De Motu.

Here are two passages from the first
draft of “The System of the World”
(translated from the Latin by Anne
Whitman and me) that bring out the cru-
cial role of the third law of motion:

“20. The agreement between the anal-
ogies.

“And since the action of centripetal
force upon the attracted body, at equal
distances, is proportional to the matter
in this body, it is reasonable, too, that it
is also proportional to the matter in the
attracting body. For the action is mutu-
al, and causes the bodies by a mutual
endeavor (by law 3) to approach each
other, and accordingly it ought to be
similar to itself in both bodies. One body
can be considered as attracting and the
other as attracted, but this distinction is
more mathematical than natural. The
attraction is really that of either of the
two bodies toward the other, and thus is
of the same kind in each of the bodies.

“21. And their coincidence.

“And hence it is that the attractive
force is found in both bodies. The sun
attracts Jupiter and the other planets,

Es
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CENTRIPETAL FORCE generates a curved trajectory consistent
with the law of areas. This property of a centripetal force was dem-
onstrated by Newton in the first proposition of the Principia and in
the discussion at the beginning of the short tract De Motu (Concern-
ing Motion). Newton began (lef?) by considering a body moving in a
straight line at a constant speed. The body starts at 4, and after suc-
cessive equal intervals reaches first 4, then 4> and so on. A point
P is chosen above the line of motion. The triangles 4PA4;, A1PAg,
AoPAg and so forth all have the same area because they have equal
bases and the same altitude. In a second stage of the analysis (middle)
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the body begins as before but at 4, receives an impulsive blow toward
P. Now the body moves along a straight line not to 43 but to Ba.
Newton showed by geometric methods that the triangles 4,PA4; and
A2PB3 have the same area. If the body receives a blow toward P at
the end of each interval (right), it moves in a polygonal path around
P. Again triangles can be formed that have the same area. In the lim-
iting case where the time between blows approaches zero the body is
subject to a continuous centripetal force directed toward P and the
polygonal path becomes a smooth curve. Area is still conserved. This
proof brought out the dynamical significance of the law of areas.
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Jupiter attracts its satellites and similar-
ly the satellites act on one another and
on Jupiter, and all the planets on one
another. And although the actions of
each of a pair of planets on the other can
be distinguished from each other and
can be considered as two actions by
which each attracts the other, yet inas-
much as they are between the same two

bodies they are not two but a simple
operation between two termini. Two
bodies can be drawn to each other by the
contraction of one rope between them.
The cause of the action is twofold,
namely the disposition of each of the
two bodies; the action is likewise two-
fold, insofar as it is upon two bodies; but
insofar as it is between two bodies it is
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PAGE FROM A DRAFT OF “DE MOTU?” that Newton probably wrote in November, 1684,
is in his handwriting. In De Motu Newton discussed terrestrial and celestial dynamics, includ-
ing the idea of centripetal force directed toward the focus of an ellipse. The page ends with the
scholium, “Therefore the major planets revolve in ellipses having a focus in the center of the
sun, and radii drawn [from the planets] to the sun describe areas proportional fo the times, en-
tirely as Kepler supposed....” The scholium is false, and the nature of the error indicates that
Newton had not yet developed the concept of universal gravitation. As Newton soon realized,
the focus of the orbits of the planets is not the sun but the center of mass common to the planets
and the sun. Not only does the sun attract each planet but also each planet attracts the sun.



single and one. There is not, for exam-
ple, one operation by which the sun at-
tracts Jupiter and another operation by
which Jupiter attracts the sun, but one
operation by which the sun and Jupiter
endeavor to approach each other. By the
action by which the sun attracts Jupi-
ter, Jupiter and the sun endeavor to ap-
proach each other (by law 3), and by the
action by which Jupiter attracts the sun,
Jupiter and the sun also endeavor to ap-
proach each other. Moreover, the sun is
not attracted by a twofold action toward
Jupiter, nor is Jupiter attracted by a two-
fold action toward tHe sun, but there is
one action between them by which both
approach each other.”

Next Newton concluded that “ac-
cording to this law all bodies must at-
tract each other.” He proudly presented
the conclusion and explained why the
magnitude of the attractive force is so
small that it is unobservable. “It is possi-
ble,” he wrote, “to observe these forces
only in the huge bodies of the planets.”

In book three of the Principia, which is
also concerned with the system of the
world but is somewhat more mathemat-
ical, Newton treats the topic of gravita-
tion in essentially the same way. First, in
what is called the moon test, he extends
the weight force, or terrestrial gravity,
to the moon and demonstrates that the
force varies inversely with the square of
the distance. Then he identifies the same
terrestrial force with the force of the sun
on the planets and the force of a planet
on its satellites. All these forces he now
calls gravity. With the aid of the third
law of motion he transforms the concept
of a solar force on the planets into the
concept of a mutual force between the
sun and the planets. Similarly, he trans-
forms the concept of a planetary force
on the satellites into the concept of a
mutual force between planets and their
satellites and between satellites. The fi-
nal transformation is the notion that all
bodies interact gravitationally.

My analysis of the stages of Newton’s
thinking should not be taken as
diminishing the extraordinary force of
his creative genius; rather, it should
make that genius plausible. The analy-
sis shows Newton’s fecund way of think-
ing about physics, in which mathemat-
ics is applied to the external world as
it is revealed by experiment and criti-
cal observation. This way of thinking,
which I call the Newtonian style, is cap-
tured by the English title of Newton’s
great work: Mathematical Principles of
Natural Philosophy.

The Newtonian style consists in a re-
peated give-and-take between a mathe-
matical construct and physical reality.
In the development of Newton’s ideas
on gravity and in his presentation of
those ideas in the Principia, he started
with a mathematical construct that rep-
resents nature simplified: a point mass
moving around a center of force. Be-
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cause he did not assume that the con-
struct was an exact representation of the
physical universe he was free to explore
the properties and effects of a mathe-
matical attractive force even though he
found the concept of a grasping force
“acting at a distance” to be abhorrent
and not admissible in the realm of good
physics. Next he compared the conse-
quences of his mathematical construct
with the observed principles and laws of
the external world such as Kepler’s law
of areas and law of elliptical orbits.
Where the mathematical construct fell
short Newton modified it. He made the
center of force not a mathematical enti-
ty but a point mass. I say a point mass
rather than a physical body because he
had not yet considered physical proper-
ties such as size, shape and mass.

From the modified mathematical con-
struct Newton concluded that a set of
point masses circling the central point
mass attract one another and perturb
one another’s orbits. Again he com-
pared the construct with the physical
world. Of all the planets, Jupiter and
Saturn are the most massive, and so he
sought orbital perturbations in their mo-
tions. With the help of John Flamsteed,
Newton found that the orbital motion of
Saturn is perturbed when the two plan-
ets are closest together. The process of
repeatedly comparing the mathematical
construct with reality and then suitably
modifying it led eventually to the treat-
ment of the planets as physical bodies
with definite shapes and sizes.

After Newton had modified the con-
struct many times he applied it to the
system of the world. He asserted that the
force of attraction, which he had de-
rived mathematically, is universal gravi-
ty. He found that the moon moves as if it
were attracted to the earth with a force
that is 1/3,600th of the strength of the
gravitational force with which the earth
pulls on objects at its surface. Since the
moon is 60 times farther from the center

of the earth than objects on the earth’s
surface are, the factor of 1/3,600 is
consistent with the deduction that
the earth’s gravity extends to the moon
and diminishes with the square of the
distance.

The law of universal gravitation ex-
plains why the planets follow Kepler’s
laws approximately and why they de-
part from the laws in the way they do. It
demonstrates why (in the absence of
friction) all bodies fall at the same rate
at any given place on the earth and why
the rate varies with elevation and lati-
tude. The law of gravitation also ex-
plains the regular and irregular motions
of the moon, provides a physical basis

for understanding and predicting tidal

phenomena and shows how the earth’s
rate of precession, which had long been
observed but not explained, is the effect
of the moon’s pulling on the earth’s
equatorial bulge. Since the mathemat-
ical force of attraction works well in
explaining and predicting the observed
phenomena of the world, Newton de-
cided that the force must “truly exist”
even though the received philosophy to
which he adhered did not and could not
allow such a force to be part of a system
of nature. And so he called for an in-
quiry into how the effects of universal
gravity might arise.

Although Newton at times thought
universal gravity might be caused by the
impulses of a stream of ether particles
bombarding an object or by variations
in an all-pervading ether, he did not ad-
vance either of these notions in the Prin-
cipia because, as he said, he would *“not
feign hypotheses™ as physical explana-
tions. The Newtonian style had led him
to a mathematical concept of universal
force, and that style led him to apply
his mathematical result to the physical
world even though it was not the kind of
force in which he could believe.

Some of Newton’s contemporaries
were so troubled by the idea of an at-
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ORBITAL SPEED OF A PLANET is inversely proportional not to the direct distance be-
tween the sun and the planet but to the perpendicular distance (the distance represented by the
broken line between the sun and the tangent to the orbit PP’). Only at two points in the or-
bit (perihelion and aphelion) are the direct distance and the perpendicular distance the same,
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tractive force acting at a distance that
they could not begin to explore its prop-
erties, and they found it difficult to ac-
cept the Newtonian physics. They could
not go along with Newton when he said
he had not been able to explain how
gravity works but that “it is enough that
gravity really exists and suffices to ex-
plain the phenomena of the heavens
and the tides.” Those who accepted the
Newtonian style fleshed out the law
of universal gravity, showed how it ex-
plained many other physical phenome-
na and demanded that an explanation be
sought of how such a force could be
transmitted over vast distances through
apparently empty space. The Newtoni-
an style enabled Newton to study uni-
versal gravity without premature inhibi-
tions that would have blocked his great
discovery. The 18th-century biologist
Georges Louis Leclerc de Buffon once
wrote that a man’s style cannot be dis-
tinguished from the man himself. In the
case of Newton his greatest discovery
cannot be separated from his style.
The correspondence between Hooke
and Newton clearly shows that Hooke
taught Newton how to analyze curved
motion. Hooke subsequently made the
much stronger claim that he deserved
credit for suggesting to Newton the law
of universal gravity varying inversely
with the square of the distance. Many
historians have echoed Hooke’s view.

he claim, however, does not hold
up. Hooke had merely suggested
that the planets are subject to an in-
verse-square force directed toward the
sun. Universal gravitation is much more
than a solar-directed force. It also im-
plies an effect of the planets on the sun.
What is more, it applies to all objects in
the universe. The law of universal gravi-
tation is not merely an inverse-square
relation; it is also a mathematical rela-
tion between the masses of the attract-
ing bodies. It took tremendous insight
to leap from an inverse-square solar-
directed force to universal gravitation.
And it took the genius of Newton to in-
vent the modern concept of mass.
Newton did not feel he owed Hooke
credit even for suggesting that the cen-
tripetal force is inversely proportional
to the square of the distance. In 1673
Huygens had published a supplement to
a book on the pendulum clock in which
he states that for circular motion the
centrifugal force is measured by v2/r,
where v is the velocity of the orbiting
body and r is the radius of rotation.
Newton had independently discovered
the same relation in the 1660’s. Since the
mathematical difference between a cen-
trifugal force and a centripetal force is
only a matter of direction, the v2/r rela-
tion also holds for a centripetal force.
From this relation and Kepler’s third
law it follows by simple algebra that the
centripetal force varies inversely with
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INVERSE-SQUARE NATURE OF CENTRIPETAL FORCE for circular orbits can be de-
duced from Kepler’s third law of planetary motion and from the law of centripetal force. Ac-
cording to Kepler’s third law, r3/T2 is a constant K, where  is the radius of the planet’s orbit
and 7 'is the period of the orbit. The law of centripetal force states that for a circular orbit the
centripetal force is v2/r, where v is the planet’s velocity. In time 7 the planet makes a com-
plete orbit, moving a distance 277 (the circumference of a circle), and so the velocity is 2mr/T.

the square of the distance. After Huy-
gens’ book was published anyone with
a rudimentary knowledge of algebra
could have found an inverse-square cen-
tripetal force for a circular orbit. Ac-
cordingly Newton saw no need to ac-
knowledge Hooke’s statement of an in-
verse-square law,

Both Hooke and Newton were aware
that finding an inverse-square law for
circular orbits was not the same thing as
showing that the law holds for elliptical
orbits in which the motion follows Kep-
ler’s law of areas. The task, which New-
ton carried out, was to demonstrate that
an inverse-square law of centripetal
force corresponds to orbital motion ac-
cording to Kepler’s law of elliptical or-
bits and his law of areas. In discussing
this point in the letter dated January 6,
1680, Hooke made a fundamental error
that must have convinced Newton that
Hooke did not entirely understand what
he was talking about. Hooke said that
if the attraction varies inversely as the
square of the distance, the orbital speed
of a planet will be “as Kepler supposes
Reciprocall to the Distance.” Yet under
the conditions Hooke assumed the or-
bital speed is not inversely proportion-
al to the direct distance from the sun
except at the extreme points of the or-
bit: perihelion and aphelion. In view of
Hooke’s error Newton was not about
to give him credit for having suggested
the inverse-square nature of the centrip-
etal force.

In 1717 Newton wanted to ensure his
own priority in discovering the inverse-
square law of gravitation, and so he in-
vented a scenario in which he made the
famous moon test not while writing the
Principia but two decades earlier in the
1660’s. The documents of the 16607,
however, indicate that he was not then
comparing the falling of the moon in its
orbit with the falling of objects on the

earth but was comparing the “centrifu-
gal endeavor™ of the orbiting moon with
the “centrifugal endeavor” of a body on
the earth’s surface rotating along with
the daily motion of the earth. He did
calculate that for circular planetary or-
bits the “centrifugal endeavor” would
be inversely proportional to the plan-
et’s distance from the sun, but he drew
no physical conclusions from the cal-
culation.

Newton never published his invented
scenario of the early moon test. He in-
cluded it in the manuscript draft of a
letter to the French writer Pierre Des
Maizeaux but then crossed it out. New-
ton also circulated the familiar story
that a falling apple set him on a chain of
reflections that led to the discovery of
universal gravitation. Presumably this
invention was also part of his campaign
to push back the discovery of gravity, or
at least the roots of the discovery, to a
time 20 years before the Principia.

The real roots of the discovery cannot
be put any earlier than December, 1684,
when Newton first recognized that if the
sun attracts the earth, the earth must at-
tract the sun with a force of equal mag-
nitude. In 1685 he overcame his usual
reluctance to write up his discoveries
and started to draft the Principia for
publication by the Royal Society. Per-
haps his willingness to present his work
for public inspection (and thereby risk
possible disapprobation) was motivated
first by his momentous discovery of in-
terplanetary perturbations followed by
his bold conception of universal gravity.
He had within his grasp the foundation
of a new system of natural philosophy
that could be expounded on mathe-
matical principles. In short, once New-
ton had something of real consequence
to say about celestial dynamics he was
willing and even eager to present it to
the world.
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PORTRAIT OF ISAAC NEWTON was painted by Godfrey Kneller oped the concept of universal gravitation. Newton’s principal work
in 1689, when Newton was 46. Four years earlier Newton had devel- Philosophiae Naturalis Principia Mathematica was published in 1687.
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